We address ring-shaped surface waves supported by defocusing thermal media with circular cross-section. Such waves exist because of the balance between repulsion from the interface and deflection of light from the bulk medium due to defocusing nonlocal nonlinearity. The properties of such surface waves are determined by the geometry of the sample. Nodeless ring surface waves are stable for all values of their winding number, while surace waves with a small number of azimuthal nodes can be metastable. 
Nonlocality is an intrinsic feature of many optical materials [1] . Among the strongly nonlocal materials which can be used for the experimental exploration of soliton formation are liquid crystals [2] [3] [4] [5] and thermal media [6] [7] [8] . Besides the simplest solitons, such materials support several types of stable, higher-order two-dimensional structures [9] [10] [11] [12] [13] . Light beams propagating in nonlocal media cause refractive index changes in regions far exceeding the beam width, therefore the beam trajectory can be strongly altered by the presence of interfaces, like in thermal media where the induced refractive index profile is determined by the sample geometry [14, 15] . Under proper conditions light may concentrate in the vicinity of the interface, exciting surface waves in both local [16] [17] [18] [19] and nonlocal nonlinear materials [20] [21] [22] [23] [24] . Two-dimensional surface waves at the interface of focusing thermal medium were observed in Ref [23] . Also, thermal materials with defocusing nonlinearity have been shown to support one-dimensional surface waves [24] .
In this paper we reveal that thermal samples of circular cross-section with a defocusing nonlinearity support specific ring-profile surface waves localized near the outer edge of the sample. Such waves form due to the balance between repulsion from the interface and deflection of light from the bulk sample due to a defocusing nonlinearity.
We consider the propagation of laser beam along the ξ axis of a defocusing thermal medium with circular cross-section, described by the equations for the field amplitude q and nonlinear contribution to the refractive index n : 
Here the radial and longitudinal coordinates are scaled to the beam radius and the diffraction length, respectively; φ is the azimuthal angle. Equation (1) was solved with the boundary conditions
( is the sample radius; here we set , but results remain valid for other radiuses), corresponding to the situation when light does not penetrate into the regions outside the thermal sample, whose surface is maintained at a fixed temperature. Physically, this can be achieved when the refractive index of the surrounding material, that plays the role of heat sink, is much lower than that of the thermal medium. In this case the beam propagating in the cylindrical rod experiences slight absorption, that causes an increase and a redistribution of temperature in the entire medium due to heat diffusion.
We assume a typical situation where the refractive index decreases in the heated regions. Such a decrease causes light defocusing and thus expulsion of light from the bulk material toward its periphery. In circular samples the repulsion from the interface with the less optically dense surrounding medium results in light localization in the vicinity of interface in the form of bright rings that may feature azimuthal or angular nodes.
Radially symmetric surface waves can be found in the form , where m is the topological charge, and b is the propagation constant. For such excitations the refractive index is given by
where 0 for and 0 for is the response function of the medium. For the linear stability analysis we will looking at solutions in the form , where the perturbations components can grow with a complex rate r i upon propagation, and k is the azimuthal perturbation index. Substitution into Eq. (1) and linearization yields the eigenvalue problem 
is the refractive index perturbation corresponding to the azimuthal index k , while for r , and for . 
